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DFT

Let us defineaterm Wy = e

Discrete Fourier Transform (DFT)

X(k) = DFT[x(n)]

= _ J2mkn
X(k)=zx(n)e N ,0<k<N-1
n=0

N-1

X(k)=zx(n)w o g<k<N-1

n=0
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IDFT

DFT is a powerful computation tool which allows us to evaluate the Fourier transform on a digital computer or
specifically designed hardware

We notate like this

x(n) = IDFT[X (k)]

N
j2mkn

x(n)— (k)e N ,0<n<N-1

j2m
‘N which is known as twiddle factor and substitute in above equations

N-1
1
x(n) =NZX(I{)W§"" ,0<n<N-1




Let us take an example
Q) Find the DFT of the sequence x(n) = {1,1,0,0}

N =4
3
21Tkn
X(k)zzx(n)e 0<k<N-1
n=0
k=20
> j2mon
YMOE x(n)e 4

=x(0) +x(1) + x(2) + x(3)

=1+1+0+0 =
k=1
_Jmn
X(1)=Zx(n)e 2
n=0

31T

= x(0) + x(l)e_an +x(2)e /™ + x(3)e_]T

—1+1[cosz— 'sinz]+0+0 =

N-1

X(k) = Z e

n=0

j2mkn

k=2

jm2n

X(2) = Z e 7

n=0

= x(0) + x(1)e ™ 4+ x(2)e 2™ + x(3)e /3™

=1+ 1[cosm —jsinm] +0+0
k=3 3
_Jm3n
X(3) = Zx(n)e 2
n=0
j3m

=x(0) +x(1e"

=1+1 cos——]sm— +0+0
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DFT as linear transformation (Matrix method)

DFT
N—-1
X(k) = z x(m)e"R* 0<k<N-1
— j2
= WN = 3_%

Letsputn=20,1,2, ... N-1

X(k) = x(0). 1 + x(1). WA + x(2). W2k + - + x(N — DW D"

k=20
X0)=x(0)+x(D)+x2)+--+x(N—-1)
k=1

X(1) = x(0) + x(1). W + x(2). W2 + -+ x(N — DWW

k=N-1

X(N —1) = x(0) + x(D. W™ 4 2@ W2V 4+ o4 x (N — N THED

We can also represent the equation in matrix format

1 1 1 1

) . 2 3
X(1) 1 Wy U4 Wy
X(2) 1wy Wy Wy
x@ |~} wd W Wy

[ X(N —1)] 1 W}&N—l) WNZ(N—l) WN3(N—1)

1 1

Xy = Wyxy 2 1wyt
N = . .

1 wy®-

IDET

1
W(N—1) x(0)
Ig(N—l) x(1)
Wy x(2)
WNB(N—l) x(?)
WléN—l)(N—l)_ x(N —1).
1
-(N-1)
Wy

WN—(N—l) (N-1)

N—-1
1
x(n) =N2X(k)w,§"k 0<n<N-1
k=0

N-1
1 :
x(n) =~ Y X()(w")
k=0

Symbolically we can 1 )
. =—=XyW,
www.ipgmMEit@@Ssad.com x(n) NONTN

Comparing we get

Wyt

1 *
ZNWN




Lies on the unit circle in the complex plane from 0 to 2x angle and it gets

Twiddle factor matrix

repeated for every cycle

-1

]

(S G W

e/% = cos(0) + jsin(H)

Imaginary
axis
T W3 W7 Wll
Phase change ( 0° - 360°) -
anticlockwise
1 w2, Wwe,w N wo,w*,we
]1 wt Real axis
—Jj
wt ws,w?e
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Relationship of the DFT to Fourier Transform

Fourier-Transform DFT
N-1 N-1
) ) _ j2mkn
X(ef“)) = z x(n)e J®n X(k) = 2 x(n)e N
n=0 n=0

Comparing the above equations we get to find that DFT of x(n)
Is @ sampled version of the FT of the sequence

Xk)=XE*)| ,x k=012.N-1
w=

N
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Z-Transform

N-1

X(Z) = z Bz

n=0

Substitute the value of x(n)

N-1
X(2) = z
n=0

T
=

=~
w
I
(e]

=
L

Z[ =
i

X (k)

X (k)

o

IDET

Relationship of the DFT to Z-Transform

N—-1
1
X@) =5 ) X()
k=0

1—(e N

N

jz—nkz_l)

j2mk

| 1—e N z71

1— ejZTL'kZ—N
j2mk
[1—e N z71

e ———

N-1
1 1—zN
=n 2 X0 j2mk
k=0 1—e N z71
N—
-z VN[ XK
N—1 X(Z) - N j2mk
1 — aN k=0ll—e N z~1
n —
¢ 1—a
k=0
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Properties of Discrete Fourier Transform

Periodicity

If X(k) is N-point DFT of a finite duration sequences x(n) then

x(n+ N) =x(n) foralln
X(k+ N)=X(k) forallk

Linearity
If two finite sequences x,(n) and x,(n) are linearly combined as

x3(n) = ax;(n) + bx,(n)

Then DFT of the sequence

X3(k) = aX; (k) + bX,(k)

DFT
ax;(n) + bx,(n) < aX,(k) + bX, (k)

Circular time shift

If X(k) is N-point DFT of a finite duration sequences x(n) then

j2mkm

DFT{x((n—m)) } X(k)ee N

Proof
IDFT
N-1
1 j2mkn
) =NZX(k)e—N 0<n<N-1
k=0
Put n=n-m
N— 4
1 j2mk(n—-m)
_ — X(k N .
x(n=m) N Z) X(kje v Take DFT on both sides
1 j2mkn —j2mkm
4 N X(k)e - —j2mkm
k=0 DFT{x(n—m)} =X(k)e N
—j2nkm
x(n—m)=x(n)e N
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Q) Consider a finite length sequences x(n) shown in figure. The five point DF of x(n) is denoted by

j2mkm

DFT {x((n - m))N} = X(k)e™ W

—4mk x(n) 5

A

\4

X(Kk). Plot the sequences whose DFT is
2
N i
2 3

Y(k) =e 5 X(k)
1]
1 0 1

Solution

j2mk?2

DFT {x((n — 2))5} =X(k)e™ 5 ,n=01,..,4

Forn=0 2 y(0) = x((0— 2))5 =x(5+0-2)=x3) =1

Forn=1 2 y(1)=x(1-2) =x(5+1-2)=x(4)=0

Forn=2 = y(2) = x((2- 2))5 =x(5+4+2-2)= = x(5-5)=x(0) =1
Forn=3 2 y(3)=x(B-2),=x(5+3-2)= =x(6—-5)=x(1) =2 y(n)
Forn=4 @ y4)= X((4—2))5 =x(5+4-2)= =x(7—-5)=x(2) =2

y(n) ={1,0,1,2,2}

\ 4

A

H
o=
N —o

H
w—‘l\)
Ao

Ll

www.iammanuprasad.com



Properties of Discrete Fourier Transform

Time reversal of the sequence

The time reversal of N-point sequence x(n) is attained by

wrapping the sequence x(n) around the circle in clockwise direction.

x((—n))N = DFT{x(N —n)} = X(N — k)

Circular frequency shift

If X(k) is N-point DFT of a finite duration sequences x(n) then

DFT [x(n)ejz%m] = X((k - l))N

j2min

x(k—0)=X(k)e N
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Take DFT on both sides

Proof
DFT sl
_ J2mkn
X(k) = z x(n)e
n=0
Put k=k-I
N-1 _
_j2n(k=Dn
X(k = 1) = z x(m)e™ N
n=0
N-1 _ _
j2wkn j2mln
= Z x(n)ne- N e N
n=0

X((k - l))N = DFT {x(n)e

j2min

N

)




Complex conjugate property

Properties of Discrete Fourier Transform

If X(K) is N-point DFT of a finite duration sequences x(n) then

DFT{x* ()} = X*(N — k) = X*((=k)),,

Proof
N-—1
_ J2mkn
DFT{x(n)} = Z x(n)e” "N
n=0
N-—1
_j2mkn
DFT{x*(n)} = Z e N
n=0

N-1

N

j2mkn
DFT{x(n)} = Zx(n)e N
n=0
[N—1
j2mkn
= Zx(n)e N
| n=0
[N—1
j2mn( =)
— zx(n)e
| n=0

]*

DFT{x(n)} = [X(N — k)]*
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Q) Let X(k) be a 14 point DFT of a length 14 real sequence x(n). The first 8 samples of X(k) are given by,

X(0) = 12,
X(1) = -1+3j,
X(2) = 3+4j,
X(3) = 1-5j,
X(4) = -2+2j,
X(5) = 6+3],
X(6) = -2-3],
X(7) = 10.

Solution

Given N=14

Determine the remining samples

For n=8 =»

For n=9 =»

For n=10 =»

For n=11 =»

For n=12 =

For n=13 =»

X(8)=X*(N—k) =X*(14—-8) = X*(6) = —2 + 3j
X(9) =X*(N—k) =X*(14—9) = X*(5) = 6 — 3j
X(10) = X*(N — k) = X*(14 — 10) = X*(4) = -2 — 2j
X(11) =X*(N—k) =X*(14—-11) = X*(3) = 1 + 5]
X(12) = X*(N — k) = X*(14 — 12) = X*(2) = 3 — 4j

X(13)=X*(N—-k)=X"(14-13)=X* (1) =-1-13j
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DFT{x(n)} = [X(N — k)]*




Linear Convolution

Consider a discrete sequence x(n) of length L and impulse sequence h(n) of length M,
the equation for linear convolution is

(0]

ym = > x(Oh(n -

k=—o0

Where length of y(n) is L+M-1

Let s discuss it with an example

Q) Find the convolution of x(n) ={1,2,3,1}, h(n)={1,1,1,}

Solution
L=4M=3
y(n) = z x(k)h(n — k) Of length > 4+3-1=6
k=—o0
Forn=0 2 y(0) = Z x(h(—=k) = (1.0) + (1.0) + (1.1) + (0.2) + (0.3) + (0.1) =1

k=—co0
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x(k)

A

v

A

3 2 -1
h(k) 1

|

1

\ 4

A

3 2 -1

v



(00) oo

Forn=1 2 y(1) = z 2 (k)R(1 — k) = Z x()h(=k + 1)

k=—o0 k=—o0

=(1.0)+ (1.1) + (1.2) + (0.3) + (0.1) =3

Forn=2 2 y(2) = Z 2 (2 — k) = z x()h(=k + 2)

k=—o0 k=—o0

=(1.1)+12)+(13)+(0.1)=6

Forn=3 2 y(3) = Z *(RhB = k) = Z x(K)h(—k + 3)

k=—oc0 k=—o0

=01+ 12+ 13D+ =6

(00] oo

Forn=4 2 y(4) = Z x(l)h(4 — k) = Z x()h(=k + 4)

k=—oc0 k=—o0

= (0.1) + (0.2) + (1.3) + (1.1) = 4

(0] (0]

Forn=s 2 y(5) = Z x(K)h(5 — k) = Z x(K)h(=k + 5)

k=—0c0 k=—0o0

= (0.1) + (0.2) + (0.3) + (1.1) = 1

y(n) ={1,3,6,6,4,1}
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x(K) 2
1 [ 1
L]
) 32 -1 01 2 3 "
h(k) 1.1 1
L 1]
) 32 -1 01 2 3 '
h(-k) Tf'l
) 32 -1 01 2 3 g
h(-k+1) Tl 141
) 32 -1 (01 2 3 "
h(-k+2) f I Tl
) 32 -1 (01 2 3 "
h(-k+3) .l Tl Il
) 32 -1 (o1 2 3 ”
h(-k+4) TlfT
) 3 2 -1 (0 1 273 ]
h(-k+5) TI
) 32 -1 (012 3 ”



Q) Find the convolution of x(n) ={1,2,3,1}, h(n)={1,1,1,}

Solution

y(n) ={1,3,6,6,4,1}
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Circular Convolution

Consider two discrete sequence x,(n) & x,(n) of length N with DFTs X, (k), X,(k)

Also
N-1
x3(n) = Z x1(m)xz ((n —m)) x3(n) = x;(n) O x,(n) DFT{x;(n) © x,(n) } = X, (k). X, (k)
m=0
Matrix method
Let s discuss it with an example
Q) Find the circular convolution of x(n) = {1,2,3,4}, h(n)={1,-1,1,}
S°'““°”L N . 1 3 2] [1 (1.1)+(4.-1)+(3.1)+(2.0) = 0
_ ' _ 2 4 3 il (2.1)+(L.-1)+(4.1)+(3.0) =5
Since lengths are not same we do zero-padding =
3 1 4 1 3.1)+(2.-1)+(1.1)+(4.0) =2
0 (3.1)+(2.-1)+(1.1)+(4.0)
4 2 1 0 (4.1)+(3.-1)+(2.1)+(2.0) =3

y(n) ={0,5,2,3}
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Circular Convolution

Concentric Circle method / Stockholm's Method

Let s discuss it with an example
Q) Find the circular convolution of x(n) = {1,2,3,4}, h(n)={1,-1,1,}

Solution
L=4M=3

Since lengths are not same we do zero-padding

h(n) = {1,-1,1,0}

Forn=0=> vyO0)=((D+C0O+@BDH+H.-1) =0
Forn=1=2 y(O)=0-D+EH+G.O+ 1) =5
Forn=2= y2)=0D+C-D+G1H+40) =2

Forn=3 2 y(3)=(10)+ Q1D+ G.—1)+“1) =3

y(n) =1{0,5,2,3}
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Linear convolution using circular convolution

Let there are two sequence x(n) with L and h(n) with length M. in linear convolution the length of output in L+M-1. In circular
convolution the length of the both input is L=M

Let s discuss with an example
Q) Find the convolution of the sequences x(n) = {1,2,3,1}, h(n)={1,1,1,}

First we have to make the length of the x(n) and h(n) by adding zeros

x(n) ={1,2,3,1,0,0}  (M-1 zeros)

h(n) = {1,1,1,0,0,0}  (L-1 zeros)

(1.1)+(0.1)+(0.1)+(2.0) +(3.0) +(2.0) =1
(2.1)+(1.1)+(0.1)+(0.0) +(1.0) +(3.0) =3
(3.1)+(2.1)+(1.1)+(0.0) +(0.0) +(1.0) =6
(1.1)+(3.1)+(2.1)+(1.0) +(0.0) +(0.0) =6
(0.1)+(1.1)+(3.1)+(2.0) +(1.0) +(0.0) = 4
(0.1)+(0.1)+(1.1)+(3.0) +(2.0) +(1.0) =1

© O Fkr W N B
W N O O
wWw N B O O -
N PO O P W
R O O Fk W N
O O O Fkr =k .
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Filtering of long duration sequences

Let s consider an input sequence x(n) of length L, and response h(n)of length M, the steps to
follow overlap — save method is

Step 1 : input x(n) is divided into length L (ZL>M)
Step 2 : Calculate the length N=L+M-1

Step 3 : Add M-1 zeros to the start to first segment, each segment (length = L) has its first M-1 points coming from
previous segment, making each of length N

Step 4 : Make impulse response to length N by adding zeros
Step 5 ; Find the circular convolution of each new segments with new h(n)

Step 6 : Linearly combine each results and take sequence of length L.+M-1 from that by discarding/removing first
M-1 points



Q) Find the convolution of the sequences x(n) = {3,-1,0,1,3,2,0,1,2,1} and h(n) ={1,1,1}

Solution

Given, Ls =10 & M=3 Lets guess the value of L =3 (L =M)
Step 1 : input x(n) is divided into length L

x1(n) = {3,—-1,0}
x,(n) = {1,3,2}
x3(n) = {0,1,2}
x,(n) = {1,0,0}

Step 2 : Calculate the length N=L+M-1
N=L+M-1 =3+3-1=5
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1) Overlap — save method

Step 3 : Add M-1 zeros to the start to first segment, each segment (length = L) has its first M-1 points coming from
previous segment, making each of length N

x;(n) = {0,0,3,—1,0}
M-1=3-1=2
x1(n) = {3,—1,0}
X2 (n) = {_1101 11312} xz(n) = {1,3,2}
x3(n) ={0,1,2}

x3(n) ={3,2,0,1,2} x4(n) ={1,0,0}

x4(n) = {1;2;1;0;0}

Step 4 : Make impulse response to length N by adding zeros

h(n) = {1,1,1,0,0}
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Step 5 ; Find the circular convolution of each new segments with new h(n)

yi(n) = x,(n) © h(n) ={0,0,3,-1,0} © {1,1,1,0,0} = {-1,0,3,2,2} 0 0 -1 3 071
0 0 0 -1 3| |1
y2(n) = x,(n) O h(n) ={-10,132} ©{1,1,1,0,0} ={4,1,0,4,6} 3 0 0 0 -1| |1
-1 3 0 0 o0f o
y3(n) = x3(n) © h(n) ={32,012} ©{1,1,1,00}  ={67,53,3} L0 -1 3 0 ollo

y.(n) = x,(n) © h(n) ={1,2,1,0,0} ® {1,1,1,0,0} =1{1,3,4,3,1}

Step 6 : Linearly combine each results and take sequence of length L.+M-1 from that by discarding/removing first M-1
points
M-1=3-1=2 _ :
Check whether length of y(n) is Li+M-1 , if yes
discard the higher sequences
y(n) ={3,2,2,0,4,6,5,3,3,4,3,1}
L+M-1=10+3-1=12
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Q) Find the convolution of the sequences x(n) ={1,2,-1,2,3,-2,-3,-1,1,1,2,-1} and h(n) ={1,2} using overlap-save method

Solution

Given, Ls =12 & M=2 Lets guess the value of L =3 (L =M)
Step 1 : input x(n) is divided into length L

x1(n) ={1,2,-1}
x,(n) = {2,3, -2}
xz(n) ={-3,—-1,1}
x,(n) ={1,2,—1}

Step 2 : Calculate the length N=L+M-1
N=L+M-1 =3+2-1=4
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1) Overlap — save method

Step 3 : Add M-1 zeros to the start to first segment, each segment (length = L) has its first M-1 points coming from

previous segment, making each of length N

x;(n) ={0,1,2,—-1}

xo,(n) ={-1,2,3,—2}

x3(n) ={-2,-3,—-1,1}

x,(n) =1{1,1,2,—-1}

xs(n) ={-1,0,0,0}

M-1=2-1=1

Step 4 : Make impulse response to length N by adding zeros

h(n) ={1,2,0,0}
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x1(n) =1{1,2,-1}
x2(n) = {2,3, -2}
x3(n) ={-3,-1,1}
x,(n) =1{1,2, -1}



Step 5 ; Find the circular convolution of each new segments with new h(n)

y1(n) = x;(n) O h(n) ={0,1,2, -1} © {1,2, 0,0} ={-2)1, 4,3} 0 -1 2 17171
y2(n) = x,(n) O h(n) ={-1,23,-2} © {1,200} ={-5,0,7,4) % 2 _01 _21 g
ya(n) = x3(n) © h(n) =1{-2,-3,-1,1} O {1,2,0,0} ={0,-7,—7,—1} sy @ U
yo(n) = x,(m) O h(n) =1{1,1,2,-1}©{1,2,00} ={-1,3,4,3}

ys(n) = xs(n) © h(n) = {-1,0,0,0} ® {1,2,0,0} ={-1,-2,0,0}

Step 6 : Linearly combine each results and take sequence of length L.+M-1 from that by discarding/removing first M-1
points

Check whether length of y(n) is L.-+M-1 , if yes

y(n) = {1,4,3,0,7,4,-7,-7,-1,3,4,3,-2,0,0} discard the higher sequences

L+M-1=12+2-1=13
y(n) = {1,4,3,0,7,4,—7,—-7,—1,3,4,3,-2} + "
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Filtering of long duration sequences

Let s consider an input sequence x(n) of length L, and response h(n) of length M, the steps to
follow overlap — save method is

Step 1 : input x(n) is divided into length L (ZL>M)

Step 2 : Calculate the length N=L+M-1

Step 3 : Add M-1 zeros on each segment (length = L) of x(n)

Step 4 : Make impulse response to length N by adding zeros

Step 5 ; Find the circular convolution of each new segments with new h(n)

Step 6 : Add last and first M-1 points of each segments, discard/remove excess point than L,+M-1



Q) Find the convolution of the sequences x(n) = {3,-1,0,1,3,2,0,1,2,1} and h(n) ={1,1,1}

Solution

Given, L, =10 & M=3 Lets guess the value of L =3 (L=<M)
Step 1: input x(n) is divided into length L (L>M)

x1(n) = {3,—-1,0}
x,(n) = {1,3,2}
x3(n) = {0,1,2}
x,(n) = {1,0,0}

Step 2 : Calculate the length N=L+M-1
N=L+M-1 =3+3-1=5
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1) Overlap — add method

Step 3 : Add M-1 zeros on each segment (length = L) of x(n)

X1 (TL) — {3; _1; 0; O, O} M-1=3-1=2

x;(n) = {3,—1,0}
xy(n) ={1,3,2}
x3(n) =1{0,1,2,0,0} x;(n) = {0,1,2}
x,(n) = {1,0,0}

x2 (n) — {1; 31 2; 0; 0}

x4(n) = {11 O) O; 01 O}

Step 4 : Make impulse response to length N by adding zeros

h(n) ={1,1,1,0,0}
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Step 5 ; Find the circular convolution of each new segments with new h(n)

yi(n) = x;(n) © h(n) = {3,-1,0,0,0,} © {1,1,1,0,0} = {3,2,2, —1,0} 3 0 0 0 -1
-1 3 0 0 0

y2(n) = x,(n) O h(n) =1{1,3,2,0,0} ©{1,1,1,0,0} ={1,46,5.2} 0 -1 3 0 0
0 0 -1 3 0

y3(n) = x3(n) © h(n) =1{0,1,2,0,03 ©{1,1,1,0,0} =1{0,133,2} 0o 0 0 -1 3!

yis(n) = x,(n) © h(n) ={1,0,0,0,0} ® {1,1,1,0,0} ={1,1,1,0,0}

Step 6 : Add last and first M-1 points of each segments, discard/remove excess point than L,+M-1

3,2,2,-1,0} Check whether length of y(n) is L;+M-1 , if yes
{1,4,6,5, 2] discard the higher sequences
{0111 3,3, 2} L,+M-1=10+3-1=12

{'1, 1’ 1’ 0’ O} y(n) - {31 2; 2; O; 41 61 5! 3’ 3’ 4’ 3’ 1}

(3,2,2,0,4,6,5,3,3,4,3,1,0,0)
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Q) Find the convolution of the sequences x(n) ={1,2,-1,2,3,-2,-3,-1,1,1,2,-1} and h(n) ={1,2} using overlap-add method

Solution

Given, Ls =12 & M=2 Lets guess the value of L =3 (L =M)
Step 1 : input x(n) is divided into length L

x1(n) ={1,2,-1}
x,(n) = {2,3, -2}
xz(n) ={-3,—-1,1}
x,(n) ={1,2,—1}

Step 2 : Calculate the length N=L+M-1
N=L+M-1 =3+2-1=4
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1) Overlap — save method

Step 3 : Add M-1 zeros on each segment (length = L) of x(n)

x1(n) ={1,2,-1,0} M-1=2-1=1

x,(n) = {2,3,-2,0} x;(n) ={1,2,-1}
x3(n) = {-3,-1,1,0} x,(n) ={2,3, -2}
x,(n) = {1,2,—1,0} x3(n) ={-3,-1,1}

X4(n) = {1121 _1}

Step 4 : Make impulse response to length N by adding zeros

h(n) ={1,2,0,0}
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Step 5 ; Find the circular convolution of each new segments with new h(n)

yi() = x1(M) Oh(n) = {1,2,-1,00 © {1,2,0,0} = {1,4,3,2} ; (1) —01 _21' ;
y2(n) = x,(n) © h(n) =12,3,-2,0; © {1,2,0,0} ={2,7,4, -4} -1 2 1 o0]]o
y3(n) = x3(n) @ h(n) ={-3,-1,1,00 © {1,2,00} ={-3,-7,-1,2} >
ya(n) = x,(n) O h(n) ={1,2,-1,01O {1,200}  ={1,4,3,-2}

Step 6 : Add last and first M-1 points of each segments, discard/remove excess point than L1+M-1

SRBE 2 }
Check whether length of y(n) is Li+M-1 , if yes
27,44} discard the high
_ gher sequences
{=3-7, —1;{2} : L+M-1 = 124+2-1 = 13
1,4,3,—2

{11 41 3! 0, 77 4) _7; _7) _1; 3; 4; 3; _2)} y(n) = {1’4,3,0’7’4' —7,=7,-13,4,3, _2}
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